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of a gauge model in an external metric. Newton's constant appears as an order parameter 
of a spontaneously broken discrete symmetry. Matter is coupled in a straightforward way. 
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Introduction. The Chern-Simons ISO{l, 2) gauge theory (CS) approach to gravity 
in 2+1 dimensions (see ref. [1,2]) has advanced the notion that the background metric is 
disparate from the field playing the role of the quantum metric. In this approach the two 
fields are present in the quantum (gauge fixed) theory and do not arise from a background- 
quantum splitting. Additionally, the fact that the spin-connection and dreibein appear 
as independent fields also played a crucial role in the development of the theory. As 
advocated in ref. [2], these points were key to the renormalizability of the theory. One 
would eventually like to couple the theory to matter but, thus far, attempts at this have 
proven intractable. In this paper, we will be less ambitious and simply investigate the 
issue of how to introduce Newton's constant (or equivalently, the Planck length) into the 
gauge-theoretic formulation of (2+l)-dimensional gravity. This will lead us to a new model 
of (2 + l)-dimensional gravity . 

Superficially, the non-renormalizability of General Relativity (GR) with matter can 
be traced to the fact that the coupling constant is the Planck length, Ip, and is thus dimen- 
sionful. This is unlike QED, for example, where the coupling constant, a, is dimensionless. 
If we are to find a conventional, perturbative quantum field theory of gravity, we must 
find some dimensionless constant to use as a parameter. However, we must also arrive 
at Einstein's equations (with Gn, Newton's constant) as the classical equations of motion 
from our model. This reminds us of the electroweak theory in which the Fermi coupling 
constant is constructed out of the parameters in the Higgs potential. In this paper, we 
propose a similar framework for (2 + l)-dimensional gravity. In retrospect, our study is re- 
lated to earlier works where Gn is obtained via symmetry breaking [3] . It is not motivated 
by a popular approach to quantum gravity in which the metric is thought of as being a 
Goldstone boson [4]. 

Before proceeding with the construction of our model, we point out that we will be 
forced to abandon the CS approach to 2+1 quantum gravity in favor of a formulation which 
has similarities with Ashtekar's construction [5,6,7]. This is due to the fact that in order 
to obtain Gn via a vev, we must couple the order parameter to the curvature scalar. In the 
CS approach the Einstein-Hilbert action appears in the expansion of the action in terms 
of the components (dreibein and spin-connection) of the ISO{l,2) gauge field. However, 
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the Lagrangian is not gauge invariant and multiplying it by a field which is in the singlet 
of the gauge group spoils the gauge invariance of the action. In contrast, the Lagrangian 
in Ashtekar's formulation is gauge invariant and so this problem does not arise. We will 
ignore the question of whether or not this gauge invariance leads to counterterms in the 
theory's perturbative expansion and thus may endanger renormalizability. Our focus for 
this paper will be on classical physics. With S0{1, 2) as the gauge group our model is rich 
enough to include the spectrum of fields in (2 + l)-dimensional GR; it is not necessary 
to use the full Poincare group, IS0{1,2). The analysis below may be carried out with 
SO{l,2) replaced by SO{3) with suitable re-definitions of the metrics. 

The Model. Our model consists of three fields, A and (j). Take E = dx"'Ea"'Ja 
a 1-form valued in the Lie algebra of SO{l,2) transforming in the adjoint representation. 
The gauge group generators Ja satisfy [Ja, Jb] = ^ab^Jc- Furthermore, ^ is a gauge field and 
(j) a SO{l, 2) scalar field which plays the role of the order field. The peculiarity of the model 
is that it depends, a priori, on a background metric, Qap- Note that there will be no kinetic 
term for ga/3 in our action, yet we will find a solution which imposes Einstein's equations 
on this background metric. E transforms homogeneously under the Lorentz/gauge group 
S'0(l,2) as does the field strength Fa/s = 5[a^/3] + [^a,^/?]- Diffeomorphisms transform 
as a 1-form, F as a 2- form and as a scalar. We construct two gauge scalars''' 

= Ea^'Epa , X = 'Kaf39°''^ = Ea°'E°'a • (1) 

Recall the dreibein is related to the metric by the formula 

9af3 = ea^'epa ■ (2) 

Although the gauge and Lorentz groups are identified, we have two distinct covariant 
derivatives 

(3) 

^ The latin indices are raised and lowered with the Minkowski metric. The greek indices 
are raised and lowered with the background (curved) metric, ga/S- 



3 



written here acting on a representative field V. These derivatives are both S0{1,2) and 
general-coordinate covariant. is the covariant derivative with respect to the background 
metric QafS of the manifold. Thus Tap'^ is the Christoffel symbol and Ua is the Lorentz 
spin-connection (defined by V^e/j" = 0). Note that A and E are independent fields while 
the background spin-connection uj is constrained to be a function of the dreibein. 
Our model is defined by the classical action 



(4) 



where the mass dimensions are {E^A^cp} = {0,1,^}. The first term looks like a Chern- 
Simons density since it is topological, but it differs in two respects. It is truly gauge 
invariant and F is not the curvature associated with E but with the gauge field A. It 
is modelled after the three dimensional BE (Schwarz type) topological gauge theory [8]. 
Besides the kinetic term for there is also a potential (bounded from below) in the scalars 
(j) and X which contains the only dimensionful constants of our model. They are necessary 
to build Newton's constant Gn- Although E^"' appears as an auxiliary field in our action, 
we do not integrate it out of the action. Removing it in this way would obscure much of 
the subsequent analysis. The equations of motion we obtain by varying S'^ with respect 
to A, E and are 

V[«</.'£;;3]" = , (5a) 

(p'F^- = 2— ^c'^ , (5b) 
8V 

^"^V^Vf = - — + 2<j>E^'^E^a . (5c) 

where F" = Fg^^^7==. The metric appears in our action as an external field. Thus the 
full energy- momentum tensor of the model has no "gravitational" contribution. In fact, 
varying the action with respect to g*^^ we find the stress-energy tensor 



'ax- 



= V^0V^0 - ;.^aMV^<^)2 + gapV{ct>,X.) - . (6) 



Upon applying the equations of motion (5), we verify V^"T^^ = 0. 
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We now study the solutions of the equations of motion (5) which minimize the total 
energy. The latter is defined for a manifold of the form H x E with a time independent 
metric 

ds'^ = dt^ - -fijdx^dx^ , (7) 

where 7ij is an Euclidean metric on E. Let 11 be the canonical momentum conjugate to 4>. 
The Hamiltonian density is then 



1. 



1 



dV. 



n = -U' + -Y'dicl>dj4> + V(0,X) - 2— Xoo 



(8) 



As the first two terms are positive semi-definite, we take (f) and X to be the constants 
which minimize the last two (potential) terms. This yields 





dV 
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50 : 




d4)dX 


dE' : 


,dV 
^dX 






dX^ 


: 


.dV 






aX2 



Xoo — , 
^oo) Ei = , 



(9) 



In general, given a potential, there may be many solutions. However, they need not 
all be degenerate. Two classes of potentials interest us. The first class is composed of 
those with* Xoo| ^ and Xy| 0. The second class has Ea"'] = 0. For the first class, 
then the last two equations of (9) imply 



dV 
dX 



= , 



aX2 



= . 



(10) 



Using these, the equations of motion (5) lead to 



dV 



and 



d(j)dX 



, 



(11) 



then if (j) is non-zero 



Vi^Ef3^\ = and S«"i^"a 







^ The vertical bar signifies evaluation on a minimum energy solution. 
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(12) 



To focus ideas further, we take the potential to be 

1/(0, X) = ^ 1^^^4 ^ 1^^^6 ^ Ax(X-Xo)^ , (13) 

where Xx, IJ'^, A4, Xq and are positive constants with mass dimensions three, two, one, 
zero and zero, respectively. For this potential, the minimal-energy solution for X is Xq 
and for it is 0| = where i/'^ = (— A4 + a/A^ + /2A6. As is well known, the 

Z2 symmetry — > —(f) is spontaneously broken and as it is a discrete symmetry there is 
no massless Goldstone boson. The conditions (10) are satisfied by Ea°'\ = \J~^^a'^ so 
that X| = Ga'^epag'^^^ = Xq. Obscrvc that this directly links the solutions for E^"' to the 
metric on our manifold and hence in our action. Such a link is a mystery in the Chern- 
Simons approach. It is for this reason that the potential in X is important. Henceforth, 
we normalize such that Xq = 3. The first equation in (12) is solved by Aa\ = oJa- We 
summarize our minimal-energy solutions by the equations 

(j>\ = V , E^-\ = e^'^ , ^«"'| = a;^'^^ . (14) 

With the gauge field equated to the spin-connection we have 

where Rap'^^ is the Riemann curvature tensor in the background metric Qap- The second 
equation in (12) (which was obtained from the equations of motion (5c) evaluated on 0|) 
now reads 

Rap - ^9af3R = , (16) 

namely, Einstein's vacuum equations. Of course, any background metric may appear in 
our action, but only those which solve Einstein's equations will be consistent with our 
ansatz. For example flat Minkowski space for which our solution (14) defines a translation 
invariant vacuum 

The second interesting class of potentials, those for which E^^^l = also require 



dV 
d(t> 



0. Then (h\ = u and F„ 



= are minimal energy solutions. We interpret the 
solution with Aa°'\ = as the generally covariant one. However, here we are unable to 
identify Ea°' solutions with the background dreibein. 
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As an aside, we compare our model, S^, with the two dominant gauge-theoretic 
models appearing in the literature. In this case, we take the coupling constants in our 
potential to be such that (p = u dominates the path integral. Furthermore, we restrict the 
potential to be X independent. Then the action reduces to 

S' = J d^xE^'^Fp^ae"'^'^ . (17) 

This is the Ashtekar formulation of (2 + 1) -dimensional gravity as given in ref. [6,7]. 
As shown in those references, the constraints obtained are the same as those of the CS 
approach [2] when the spatial metric is non-degenerate; they satisfy the Poincare algebra. 

Matter Coupling. We minimally couple matter to our model such that we get 

Einstein's equations. Gap + ^Qap = "^^''^nT'^. is the energy-momentum tensor one 
would obtain from the conventional minimal coupling of gravity to matter. It should not 
be confused with the stress-energy tensor which is the response of our action to a change 
in the background metric, Qap- 

Consider the following addition to our action (4): 

= ~ld'x^[X^ff{X)Tap + h{X)j] . (18) 

Ta/3 (symmetric tensor) and depend on the matter and the metric gap but not on E, cj) 
or A. f and h are dimensionless functions of X. As A does not couple in S^, its equation 
of motion is also as before (5a) and is satisfied by a constant and V x E = 0. Since we 
choose not to couple (j) to matter, its equation of motion is as before, namely (5c) 

5"^V«V;3(/> = (/x^ + 2Ea''F^a)4> - - Ag^" . (19) 

If \Ea°'F'^a\ <^ A*^ at each point on the manifold (we will soon see what this means 
geometrically), then g'^^V pcf) ~ ^ind (/> = z/ is an approximate solution. When we 

compute the variation of our new action S = S'^ + , with respect to E and use (p — v 
we find that (5b) becomes 

BV 8f Bh 

i^^F^a = [2^^"a] + /(X)T«^E^, + ^T^7X^^E^ + Q^JE^a ■ (20) 



Now, as before, W x E = is solved by 



Ea"" = ea" and = Ua"'' . (21) 

Using these, Eq. (20) reads 
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Ral3 — -j^SapR = -'&TtG^T^p , (22) 



where 



df 3h 

2 1 
V — 



(23) 



327rGN 

As v'^ is now given by the inverse Planck length, Zp^, it is natural that //^ = 0{lp^) (note 
that jji = ^2nGti A4 = 0). Our condition that = is an approximate solution now 
translates into a condition on the scalar curvature of the manifold: \R\ <^ Ip at each 
point. When the energy-momentum tensor of the matter is such that |T^| = 0{lp^) 
(or equivalently, when we start to probe the Planck length), the excitations of (p become 
important. 

We now give examples. The addition to the action of the term 

^""^^^ = "16^ / ^'^^^W ' (24) 

with ^1 = 1 yields Einstein's equations with a cosmological constant A. This gives a 
contribution to the potential for E. Now consider a massive scalar field, We find that 
a minimally coupled action is given by (18) with /(X) = /i(X) = |(X — 5) so that 

S^{^) = ^jd^x^{X-5)[X.''f^V^^V^^ - m'$'] . (25) 

Evaluated on our solution (14), the equations of motion obtained from + S^{^) are 
Einstein's equations (22) and the scalar field equation g'^^V^V^^ = — m^$. Similarly, 
the minimally coupled action for a massive fermion is 



S^i^P) = - J d^xy/^ l^i^-K^^ [ip^^v^ip - v^v^tH - mv^v^} 



(26) 



This discussion may be generalized to other types of matter. 



Comments and Conclusions. In order to do quantum calculations with our action 
(4), we must expand around our vacuum configurations given by (14) with e^" = 
In particular, (j) = v + (j), Ea'^ = 6^°' + E^"', Aa"'^ — Aq"'', where the hatted fields are 
quantum. Using these expressions in the action S = S'^ + 5"^, we can read off propagators 
and vertices for the quantum fields in a Minkowski background. 

Ea°'\ 7^ breaks general covariance. Alternatively, we could have taken a potential 
for which Eo,""] = 0, thereby not breaking general covariance. For this potential, coupling 
to matter still leads to Einstein's equations as a solutions of our model. However, in this 
case, the classical solution for Ea"" bears no relation to the background dreibein. 

This model does have several advantages over the Einstein-Hilbert theory. From a 
quantum theoretic point of view, because the metric is treated as a background field, the 
measure of the path integral of the gauge fields is easier to define. This is not the case 
with the integration over metrics in a path integral of the Einstein-Hilbert action where 
the metric is itself considered the fundamental quantum field. 

In conclusion, we have shown that Einstein gravity in 2+1 dimensions may be formu- 
lated as a gauge theory coupled to a scalar in an external metric. Furthermore, this model 
illustrates how the Planck scale can arise from the spontaneous breaking of a discrete 
symmetry. This precludes the existence of additional massless particles in the low-energy 
spectrum. Matter may be coupled to gravity in this model in a straightforward manner. 
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